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Symmetry of Some Properties of Lanthanides and Actinides with Respect to a Quarter of
the fN Shell
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Using the spin-polarized method it is shown that the periodicity of the various properties of lanthanides and
actinides is related with the “electron-vacancy” symmetry for the ground state df ghell. This symmetry
remains approximately valid also taking into account some important terms and configuration mixing effects.
The algebraic expressions for the ground-state energy and the ionization energies in terms of the number of
f electrons are obtained and the interval rule is derived. The reason for the indlirgdtematic oL
dependence is the correlation between the values of the two quantities, depending almost linearly on the
number of f electrons in the four quarters of this shell.

Introduction 30 . 300 - 1.0

Some chemical and physical properties of lanthanides and
actinides, especially in the trivalent state, show periodic
regularities depending on the number of electrons inrtte
shell. Such regularities known as small periodicity and gado- 25
linium break! tetrad or double double effec 8 two zigzag =
segments or inner series periodicity? interval rulesi314 L -
dependence, and inclinatl systematic¥$-17 have been widely
investigated and discussed. The summary of these results and
their analysis has been given in the revi&warious explana-
tions of such regularities have been proposed: the extrastabi-
lization in the crystal field? the nepheleutic effe@f,and spin-
orbit? and CoulomB interactions within thenfN shell. The L

0.0

crystal field is relatively weak for the innetfelectronic 'S o Ce Pr Nd Pra Sm Eu Gd Tb Dy Ho Er Tm Yb -

shell:#22 Thus at presen_t the pQI‘IOFlICIty of the propertl_es In Figure 1. Variation of the third ionization potentidd (O) (experimental
the lanthanide and actinide series is usually related with the y4jyeg3), the enthalpy of decompositidt, (v) (semiempirical dafé),
peculiarities of the atomic opeff hell!® The atomic origin and thea parameter @), calculated for the ionization equilibritih
of the periodicity is supported by the similarity of dependence (two last quantities correspond to the reaction LnHal 1/3Ln +
of chemical properties (oxidation potentials, cohesive energies, 2/3LnHak) in the lanthanide series.

enthalpies of decomposition and disproportionation, etc.) for
some simple compounds and of physical properties (ionization
potentials, differences of energies for the ground state of
configurations, etc.) on the number of &lectrons in the
lanthanides and actinides seri€s.Some examples of such
similarity are presented in Figures 1 and 2. These regularities
have been interpreted as the consequence of the variation ofSymmetry Properties of thenfN Shell in Its Ground State
the spin-angular coefficients at the radial integrals in the
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Calculations have been performed using the pseudorelativistic
Hartree-Fock (HFR) method (some principal relativistic cor-
rections are taken into account calculating radial wave func-
tions?).

expression for the energy of the ground state of thehiel| 818 In the central field approximation only the radial wavefunction
However, a clear understanding of the nature of these regularitiesof an electron depends on the peculiarities of the field within
was absent. The later more complete and reliable ré%gfts” an atom. The equation for the single-electron wavefunction is
support the regularities established in the 1970s on the basis oftransformed to the one-dimensional equation for the radial
less numerous data. function with the effective potential

The aim of this work is to reveal the reasons for such (41
periodicity in terms of the symmetry properties of theshell Vefnl(r) =V (1) + ( ) 1)

in its ground and higher multiplicity states, using the spin-
polarized model. For chemical properties, related with the
number ofnf electrons, the physical origin of the periodicity ~whereVy(r) is the true potential, and the second term corre-
can be modified to a smaller or larger extent and obtains varioussponds to the classical centrifugal energy. Due to this positive
forms or even does not appear at all. In this work we investigate term, the effective potential for the f electron in a neutral atom
only the physical reasons, which can be important to understandand first ions obtains the form of two potential wells separated
the origin of the periodicity of various chemical properties. by a positive potential barriéf. The radial orbital of the 4f
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40 — ‘ — 70 For the coefficientssl and y the “electron-vacancy” sym-
v/v// 9r metry is expressed by the relations
7 8 -
Ve V/ i 4y =dr M) (=123 @
6 -
" o 1) = =) @
30+ / o o ,/" 3t Usually the ¥ shellis in its ground state. The coupling within
/ oS 2 Z this shell is close to thé&S coupling, and the ground state,
> v e rod according to Hund's rule, has the highest multiplicity. For such
3 o 0k o a state not only the quantum numbers of sg8) 6rbital L),
PEIRE e s and total §) moments as well as the senioritybut also the
"éo(wm v/,_#v/'fz - additional quantum numbers, w; (necessary for the charac-
104 / -3 terization of the states of th& ghell) can be expressed in terms
" -4 of the number of electronis:3?
v/v/ \/ -5
51 L N 1
. e S:E; v=N; LZEN(7—N) (5)
/SD -r
0+ -8
r —N(ZI N) ifN<7
ST Tj? I J= (4| —|—22— N)(N—Zl) (6)
Th Pa U Np Pu Am Cm Bk Cf Es Frm Md No , ifN>7

2
Figure 2. Variation of the fourth ionization potenti&d (v), the system

difference SD (the differenc_e between the en_ergies of the groun_d levels N(7—N) 5 5

of 5N-16d and 5F configurations) for trivalent ionsw) (both quantities W= [252—28N (7—N)+N(7—N)] (7)
calculated by the pseudorelativistic Hartreeock method), and the 2-3"5

oxidation' potentiaI_E‘_’(IV—III_) (experimental ©) and empirical @) N(7—N

valueg9) in the actinide series. 0, = 2(2'32.5 )[_174+ 4IN(7—N)—2N37—NY]
electron in lanthanides and of the 5f electron in actinides for (8)
the atom ground state is mainly localized in the narrow inner

well. It causes the penetration of the correspondthshiell in _N#-N )[60 1N —N)+N27—N)] (9)
the atomic core and a very strong Coulomb interaction between 3 24.32

the electrons of this “compressed” shell, the importance of this

interaction being for the atomic properties. U =w,tw; U=w,— w; (10)

In the single-configuration central field model the approximate
symmetry between the electrons and vacancies exist. TheHereN is equal to the number of electrohsfor the partially
partially (V) and almostI¢+2-N) filled shells are described by filled shell N < 7) and to the number of vacancies 44N for
the same many-electron terms and the spin-angular parts of thehe almost filled shelll > 7).
wavefunctions differ only by the phase factor for these = Quantum numberk, w; andu; describing the properties of
complementary shells. This symmetry is violated only in the the wavefunction in the orbital space show additional symmetry
radial space due to the dependence of the radial wavefunctionwith respect to a quarter of the shell. This follows from the
on the effective nuclear charge peculiarities of the field within possibility of treating the shell in its highest multiplicity state
the aton?® as consisting of two subshells with spins of electrons directed

The “electron-vacancy” symmetry for the wavefunctions leads up (™) and down §IV}). The spin-polarized model has been
to the symmetry relations for the matrix elements of atomic elaborated in refs 3234. However in general the partition of
operators, which do not contain the scalar part (the matrix shell into subshells
element of the scalar operator is directly proportional to the NN NN
number of electrons and is not symmetric with respect to the i (11)
replacement of electrons by vacancies). The average energy i i ) o
of the spin-orbit interaction is equal to zero, but the Coulomb  ¢&n be accomplished in various ways, differing by the number
interaction within the electronic shell has some nonzero averageN- All these subconfiqurationg’ I, I NN . are
value. It can be excluded by expressing the energy with respectmixed between them by the spirbit interaction. This
to the average energy. For the configuration with one oplen f Ppartition becomes unique only for the terms of highest multi-
shell it takes the form plicity:

N
E(f) = E (Y + NAE 4 o (FY 2 L for N<2l+1
() = Ef) Izef( NE + 48 (2) e P (12)

Herey is the many-electron statE,(fN) is the average energy ~ The attribution of the projection of spin in the first subshell is
of configuration E is the linear combination of the Slater radial conventional.

integralsFX(nf,nf) introduced in ref 30 for the description of Instead of spin and orbital spaces, introduced in the traditional
the fN shell, € is the spin-angular coefficient & excluding its approach, the spin-polarized model uses two orbital spaces in
average valu® (€ = & — 8), &ur is the spir-orbit constant, which electrons have different projections of spins. Both
andy; is the spin-angular coefficient at it. subshellsli“ and ITN' have the same number of single-electron
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states. The closed subsh&t*! has all quantum numbers, number of f electrons N
defined in the orbital space, equal to 0. The “electron-vacancy”

symmetry for the subshell, having only half the states of the 0
shell, manifests as the symmetry with respect to a quarter of

the shell. Thus the coefficients at the radial integrals in the o
matrix elements of operators (whose average value is equal to

zero) can differ for the highest multiplicity statgs of IN and —a
[2+1-N configurations only by a phase factor. In the case of
the N shell the following relations take place:

8 9 10 11 12 13 14

e

&y = e ), T
&Ny = e Ny) (0=N=<7) (13) 3
o —10 i
10 = 1y,

2Ny =1 Ny) 0=N=7) (14)

For the states of the highest multiplicity tt& coefficient
disappears. The| coefficient has an average value nonequal
to zero; thus the symmetry with respect to a quarter of the shell
takes place only for the reduced coefficiegf which is
obtained by subtracting frong, its average value for the
corresponding subshell. This value is equa&jothus,

ey =0 (15)

There exist additional relations for the operators in the spin- Figure 3. Dependence of the Coulomb interaction coefficie®tfO)
polarized approach; thus this give the possibility to obtain the (€9 16).€ (®) (eq 17), and the coefficiens () (eq 18) at the spin
algebraic expressions of the matrix elements for the terms of orbit constang; on the number of electrons in thé shell.

higher multiplicity3! In the case of the ground statg these
formulas can be simplified and expressed in terms of the number
of f electrons using expressions-%0 for the quantum numbers

Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No
Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm Lu

i . 0.00 g T T T T T AT T T T
of this state: L\V\-V/ oM
&'y = 5N (N1 ef'yy) =exf'y) =0 (16) e R 1
) ]
\ B N B 1 -0.10 o“‘"
&(fvy) = &(fyy) = —5 N7 —N)[78 = 37N (7 -
2735 T o5 | . 1
N)+ 4N %7 —N)7 (17) A S <
X(lN'yg) — 4 —-0.20 + O i
[N? — (2 + )N — 2)/4 0<N=<2+1 o o5 | E !
—(N=-2I—-1)@+2—N)/4 N=2 +1 ?
The formula for the spirorbit coefficienty holds not only for —0.30 7
f electrons; thusl| in eq 18 is not definite.
The dependence of the coefficient§ €, and y on the —0.35 | O .
number of f electrondN is shown in Figure 3. As has been
indicated above, the coefficient§andy, whose average value _040 L i
is equal to 0, show symmetry with respect to a quarter of'the f
shell, but the€| coefficient giving the contribution to the
average energy is symmetric only with respect to a half shell. —oas b
This coefficient gives the minimum value & = 7 and
determines the additional stability of the half-filletishell. On ~0.50 T T 1 | ! v

the other hand, coefficieng andy reach minimal values &{

= 3—4 andN = 10-11 and give rise to additional stability for shell energy (with respect to the average energy)ad the spir

one-fourth and three-quarters of the sfell. ) _ orhit interaction energy() for the ground state of trivalent lanthanides
Of course, the true role of the various parts of the interaction (solid line) and actinides (dotted line).

essentially depends on the values not only of the coefficients

but also of the radial integrals. The integEall exceeds=® by interaction parts of the ground-state energy (with respect to the
approximately 2 orders; thus, the term-dependent part of the average energy) for lanthanides and actinides are given in Figure
Coulomb interaction betweeni electrons is mainly determined 4. On going from lanthanides to actinides the Coulomb

by the contribution of,E*. The Coulomb and the spirorbit interaction within thenfN shell decreases (the effect of the

Figure 4. Variation of the energy of Coulomb interaction within the
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potential barrier is less expressed); on the contrary the-spin
orbit interaction increases for actinides approximately twice.
However for the majority of elements it remains considerably
smaller than the Coulomb interaction. Thus H&scheme can
be used for the description not only of theN4$hell in
lanthanides but also of the"5ghell in actinides.

The main terme|E! of the term-dependent energy deter-
mines the small periodicity or the gadolinium break for some
properties related with the ground-state energy, for example,
for the ionic radii.

The ground state of thefN shell is usually separated
energetically by about 1 eV from the other states with the same
total momentumJ. This reason together with the relatively
small spin-orbit interaction within the 4f shell causes fairly
pure coupling for the ground state of lanthanides with one open
4fN shell2235 Mixing of terms essentially increases for actinides,
but due to the tendency of terms with higher multiplicity to lie
lower in the spectrum, the ground term tends to mix mainly
with the other terms of the same multiplicity. Such mixing does
not violate the symmetry with respect to a quarter shell which
takes place for all terms of highest multiplicity.

This symmetry is not violated also by some configuration
mixing effects. It is known that the values of integrdis
calculated in the single-configuration approximation, essentially
exceed their empirical values. This is caused by the interaction
of the considered configuration with some type of distant
configurations® However the rati(E‘em,JE‘theorremains almost
constant for all lanthanidé®®’ (the systematic semiempirical
investigation of actinides has not been performed yet).

The mixing of the considered configuration with some other
distant configurations gives rise to the correlation correctfons

AE® = aL(L + 1) + BG(G,) + yG(R)) (19)
wherea, (3, y are the empirical parameters a6{G,), G(R;)
are the eigenvalues of the Casimir operator for the sp&ial
andR; groups. These corrections play a rather important role
in the spectra of elements with an opéhshell?>37 Some
relativistic corrections like the part of the “orbibrbit” interac-
tion can also be presented in the form of eq 19. The quantities
G(Gp), G(Ry) are expressed in terms of quantum numhers
andu;, which for the terms of highest multiplicity are symmetric
with respect to a quarter of shell. For the ground term using
the eqs #10 we obtain the following formula:

G(Gy =%{6+41N (7—N)—2N*7-N)]
(20)
G(R,) = %N 7-N) 1)

Thus all three factors at the constantss, andy in eq 19
are also symmetric with respect to a quarter and a half a shell
(Figure 5).

Consequently the “electron-vacancy” symmetry not only takes
place in the single-configuration pure term approximation but
remains approximately valid also taking into account some term
and configuration mixing as well as relativistic effects.

When a configuration of the rare earth atom contairsl(d
or (n+2)s electrons above th#N shell ( = 4 for lanthanides
andn = 5 for actinides), the Coulomb interaction within this

shell remains dominant in the atom (it exceeds several timesdepends almost linearly on the atomic number.
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Figure 5. Symmetry of the eigenvalues of Casimir operat6{&,)
(0) andG(R;) (@) for the ground state of thé'shell. A few important
configuration mixing effects are expressed in terms of these values (eq
19).
ground state of such a configuration thfeelectrons keep their
many-electron quantum numbers according to Hund'’s rule. The
energy of the direct Coulomb interaction betwe&hand other
open shells also obeys the “electron-vacancy” symmetry for the
nfN shell, but this does not take place for the Coulomb exchange
interaction.

This reason together with the larger mixing for the ground
state of such a configuration leads to additional deviations from
the symmetry with respect to a quarter of theshell.

The Symmetry for the Energy Differences. The Interval
Rules andL Dependence

One of the principal atomic quantities, the ionization energy
of a shell (the binding energy of an electron in the shell), is
defined as the energy difference of the ion with vacanky
and the atom (or ion) without this vacancy in their ground states:

Ly = E(l ) — E(yy) (22)

We will consider these quantities for the configurations with
one opennfN shell. When thenfN shell has the smallest
ionization energy among the atomic shellg; gives the
ionization potential (ionization energy) for the atom.

It is useful to separate the ionization potential into the parts
corresponding to the contributions of the average energy
(1%, the Coulomb interaction betweenf electrons i), and
the spin-orbit interaction (7):

b = 15 + 15 + 157 (23)
According to the Koopman'’s theorem, the average energy part
approximately is equal to the single-electron energy and it
For the

and even by an order of magnitude the interaction between thequalitative investigation of thé; dependence on the number

nfN shell and (+1)d or (h+2)s electrons). Thus usually in the

of electrons in thafN shell the radial integral& and the spir-
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15 — — —— TABLE 1: Values of the Coefficients a;, az, b, and e in the
Expansions 29, 30, and 31 as well as the Deviation from the
Interval Rule A (Eq 32) for Ln3* and An3* lons
a; x 104, as x 104, b x 104, ex 10,
10 | ions eV eV eV eV
Ln3* 9.763 0.274 8.630 —3.504
An3*t 8.912 0.223 15.57 —2.442
5 L Ax 10
2{ No =4 No =11
o v ions q=1 q=2 g=3 g=1 qg=2 g=3
= 04 Ln¥* —-1.80 -7.14 -16.08 -1.77 -7.10 -—15.90
An¥*  —-127 -505 -1143 -125 -501 —11.22
number of electrons (for the ions Ehand Arf* the accuracy
L of this approximation is better than 1%):
E() = E () + 3N — Ny (29)
10 - Gur(f) = Ef™) + BN = No) + (N — No)*  (30)
() = 15() + dN = Np) + e(N—Np*  (31)
- 2‘ ; . 5‘) é 7‘ ; g') W‘O 1'1 112 1'3 . wherea;, b, ¢, d, and eare the numerical constants, obtained
by the least-squares fitting.
number of  elctrons N Using the expansion 23 and the symmetry properties for the
Figure 6. Dependence of the differencée(f) (i = 1, 3) (eq 26) coefficients 26 and 27, the following expression for the ratio
and Ay(IN) (eq 27) on the number of electrons in theshell. of the ionization energies is obtained:
orbit constantZy can be supposed for the configuratianfy (79 + 1 (179 DA (No—d 1lg=1 2 3
and nfN-1 to be equal; then the Coulomb and the spambit (") - (No=4,119=1,2,3)
parts in eq 23 can be presented as follows: nf (32)
I = ZAef(fN)Ei (24) where the second tersh on the right side of equation has the
L following expression:
19 = Ay, (fNC @5  A={q - Lafq — 35 + 153)—
nf = AX nf 11324 T g (29 X )
where b+ 6(a,3)0(N,4)] + 2ecf } i () (33)
AN = g(fV ) — g(fN 26 The coefficientsc andd do not give contributions té. The
&) =& — &) (26) qguantity A gives only a small correction to 2 for the neutral
_ o gN-1y _ N and several time ionized atoms (Table 1). Omitting the
A = 2if %) (@7) interval rule for the binding energies is obtained:
Taking the differences of the coefficients the symmetty-f |m(fN0‘q) + nf(fNoJrq)
f~N (N =< 7) is changed into™M — f8~N; thus the quantities ™ =2 (Ny=4,11;,9=1,2,3) (34)
A€ andAys become symmetric with respect to the numbers of 1:(F)

electrond\p = 4 and 11 (Figure 6). Consequently, the following

relation takes place fohe and Ay: It can be presented in the other form

() + 1 ()

(70 + X[ = 2X(™) @) e =L Me=41lad =123
nf nf
whereX = Ae, Ayr; No = 4, 11; andq = 1, 2, 3. (35)
The values ofAey(f') and Ay(f) are equal to 0. Such interval rules for the ionization energies and oxidation

Namely the variation of the coefficiemt€) determines the  potentials were obtained empiricdifyand grounded using the
main trend of the periodicity for the ionization potential and properties of the coefficients at the radial integfdlsit was
other quantities related with the energy differences of two indicated that the deviations from the interval rules can be
Configurations with different numbers of f electrons (Figures caused 0n|y by the Crysta| field. As follows from eq 33, the
1,2). The other coefficientae; andAys only slightly modify spin—orbit and even Coulomb interaction within thé¥ shell
this periodicity. as well as the nonlinearity in the variation of the average

The integralsE' can be approximated by the linear series, energies can also be the reason for such deviations. For neutral
the spir-orbit constanty, and the average energy part of the atoms and the first ions all these contributions are of the same
binding energy IE) by the quadratic series in terms of the order and partially compensate each other. The deviations from
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Figure 7. Deviation of the ratio of ionization energies from the interval < | 43
rule with the increase of the contribution of the sporbit interaction 26 L L L I
with respect to the Coulomb interaction. Such increase is modeled 35 L
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the constant values of Coulomb interaction integrals fof*LiThe a3l L
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the interval rule in the free ion model become more significant Figure 8. Variation of the orbital quantum numbdy, the fourth

; ol s . ionization potentiall, (experimental valué9, and some quantitx
only with the essential increase of the sporbit interaction directly proportional to the numbe\ of 4f electrons in the series of

(Figure 7). _ lanthanides (a) and the correlation betwdgnX, and L values [
The interval rule also approximately holds for the energy dependence) (b, c).

differences of the energies for the ground states ofriff'aand
nfN-In'l' configurations, differing by the number of electrons?
This energy difference between the two configurations is mainly  We proceed from the predominant assumption that the
determined by the change of the numbembéfelectrons and periodicity of the chemical properties for lanthanides and
has symmetry properties similar to the ionization energy for actinides is mainly determined by the peculiarities of the inner
the nfN shell (Figure 2). atomic nfN shell and investigate the symmetry properties for

The interval rules take place also for the other physical and the characteristics of this shell and the related quantities. The
chemical properties of lanthanides and actinides, which can beelectronic shell in its higher multiplicity state can be separated
related with the differences of the energies for configurations in a unique way into two subshells with spins of electrons
with different numbers ofif electrons in their ground staté18:38 directed up and down. The “electron-vacancy” symmetry for

Some attempts were made to relate the main properties ofthe subshell having only half states of the shell manifests as
the ground state of lanthanide and actinide ions with the orbital the symmetry with respect to a quarter of the shell. It is
guantum numbelk of this state. For ionization energies, radial characteristic for the many-electron numbkrdJ, W, defined
integralsE' and &y, ionic radii, and other quantitié such in the orbital space, and for the matrix elements of operators,
dependence has been found to be nearly linear. having no scalar part.

As shown above, various properties of the ground state, The symmetry with respect to a quarter of the shell not only
including the orbital quantum numbér can be expressed in  takes place in the single-configuration pure term approximation
terms of the numbeN of f electrons. Thus it is possible to  but remains approximately valid also taking into account some
obtain the relations between these characteristicslaralt term and configuration mixing as well as relativistic effects.
usually they are not simple. However, within the four intervals It is shown that all many-electron quantums numbers,
of the f electron numbers-13, 4—7, 8-10, and 1%+14, the energies, and some other characteristics for the ground state of
orbital quantum numbek varies almost linearly (Figure 8).  the fN shell can be expressed in terms of the num¥enf nf
Consequently, every quantity that behaves in a similar mannerelectrons. The interval rule for the ionization energies is
within these intervals (its curve is a little convexed as Ifor obtained, and it is shown that the deviation from this rule in
(the ionization potential) or even is strictly linear (some quantity the free atom model becomes more significant only with the
X in Figure 8)) can be represented by the “inclinéd plot increase of spirrorbit interaction. The “inclined\’ plot for
consisting of four linear segments. This plot can sometimes some quantities is explained as the consequence of the near
be useful for the interpolation of values, but it shows only the linear dependence of the corresponding quantity &ndn
correlation of two quantities, not their true linear dependence electron numbers within four intervals.

(taking into account excluded intervals-8 and 16-11, the Of course, the symmetry originating from the properties of
relation becomes considerably more complex). the atomianfN shell is modified to a smaller or larger extent by

Conclusions
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the environmental effects and takes various forms or even does (19) Yatsimirskii, K. B.; Kostromina, N. AZh. Neorg. Khim1964 9,

not appear at all. Thus our results show only the tendency fo

the manifestation of periodicity.
The main results obtained can be extended to thehell,

but the periodicity of properties for the elements with this shell
is more modified by the chemical bonding and configuration

mixing effects.
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